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*
avelling waves in an initial-boundary value problem

J.M. Veling

STRACT

In this paper we consider the initial-boundary value problem for a
nction u(x,t) satisfying a one-dimensional semilinear diffusion equation
the half-bounded interval x = 0. For a wide class of initial and
undary values a uniformly valid asymptotic expression will be given to
ich the solution converges exponentially. This expression is composed

a travelling wave and a solution of the stationary problem.
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behaviour, exponential stability
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TRODUCTION
In this paper we are interested in the equation

ut=uxx+f(u), (x,t) e Q = (]R+>< ZIR+)

f satisfies

£ e cl(f0,17), £(0) = £(1) = 0, £'(0) < 0, £ (1) < 0,
Ja, 0O<a<1 . 3. f(u) < 0 on (0,a) and £(u) > 0 on (a,l)

urther

1

J f(u)du > 0.

0
unction u represents the density of an allele in a disploid population.
tion (Hf1) implies the heterozygote case, see ARONSON & WEINBERGER [1].
les the equation stands for a model for the signal propagation along
mission lines and is a degenerate case of the FitzHugh-Nagumo equation
‘he propagation of nerve pulses, see FIFE & McLEOD [4]. An interesting

lre of this equation is the existence of travelling waves, i.e. solutions

ie form u(x,t) = U(z), z = x—cot, where U satisfies the ordinary differ-
11 equation
2
d a
[—d22U+cO—dzU+f(U)~O" zeR,

lim U(z) =1, lim U(z) = 0.

Z>—00 Z->0
in be proved that U is menoteone decreasing and that the value of <, is
le, because of (Hfl) and cO > 0, because of (Hf2), see [4] and HADELER
HE [6]. We fix U through the requirement U(0) = %, so we have lost the
jom of translation along the z-axis.
If we look at the pure initial value problem - (1.1) together with the

-tion u(x,0) = g(x) -, and we require




0 <g(x) <1, X € IR,

lim inf g(x) > a, lim sup g(x) < a

X > - X > ©
nen the solution u(x,t) will converge to some translate of U(z) in an ex
eantially way, i.e. there exists constants zo,K,(n, K>0, w>0, such th

1.4) lu(x,t) - U(x-cot—zo)l < Ke_wt, uniformly x € R.

2e the paper of FIFE & McLEOD [4] for this result. Here we treat an init

>undary value problem, so we have to specify besides the initial conditic

Lso the boundary function

+ +
ut = uxx + f(u), (x,t) e Q= (R xR ),

3) u(x,0) g(x), "X € Iﬁ’,

u(0,t) = h(t), t e ®.

3 we are interested in densities we add the conditions

Igl) 0 <g(x) <1, Xe R ,

+
hl) 0 £ h(t) £1, te R .

» be sure that the solution satisfies some smoothness properties we

quire

¥
ig2) g e Cz'a(Ii )

R for some o, 0 < o0 < 1.
1,a/2

h2) hoeclr® (]R+')J

2 2 + .
r the notion Cl'a/ , C 'a(Il ) see section 2. We require the following

nsistency conditions

gh3) 2
a%h(O) —(-i—zg(O) + £(g(0)).
dx

{ h(0) = g(O)l




conditions (Hghl), (Hgh2), (Hgh3) are sufficient to ensure the existence
miqueness of a classical solution of (P), see Theorem 1.

The purpose of this paper is to prove that even in this case of a half-
jed x-interval the notion of convergence to a travelling wave is pos-

2. Of course the boundary condition now plays an important role and if

limit value h(t) for t tending to infinity is not equal to the limit

> of U(z) for z tending to minus infinity (U(-®) = 1) we need in the
1lation of our result the function Ve which is the solution of
2

—9—2vo + £(V) =0, xe¢ r,
) ax

Ve(O) =0, 1lim Ve(x) =1, 0 <6 <1

X->0

r the following conditions
) lim sup g(x) < a,

X > ®
) 30, 0<6 <1, Fy, y > 0.3.0-h(t) =0 'Y, t + =

a technical condition (Hh5), to be specified later it is possible to
e that the solution of (P) subject to conditions .(Hf1-2), (Hgl-4),
-5) converges exponentiélly to an asymptotic state, i.e. there exists
K, w, K> 0, w > 0 such that '

- +
) Jlu(x,t) - U(x-c t-zo) - Ve(x) + 1] < Ke wt' uniformly x € R .

0

Theorem 2. We note that for 6 =1 Ve(x) = 1. If we examine (1.6) we

immediately in view of the uniformity in x the following limit values

u(x,t)

X = xo, x0 arbitrary, iiz u(xo,t) = Ve(xo),

X = xO + clt, c1 < ?O’ iiz u(x0+c1t1,t) =1,

X = XO + cot, %ig u(xo+cot,t) = U(xo—zo),
X = xO + c2t, c2 > co, lim u(xo+czt,t) = 0.

£t




In iii) we follow the wave while in ii) and iv) we travel respecti
slow and too fast to the right.

In section 2 we list some notations and properties of the fun
which we consider. In section 3 we mention the main ingredients fo
oroof of Theorem 2 and we prove Theorem 1. The proof of Theorem 2
n the same techniques as were used in the paper of FIFE & McLEOD

the maximum principle and the use of a Lyapunov functional.
2. NOTATION AND STATEMENT OF RESULTS

We introduce the following notations and definitions
= (0,), R = [0,=),

(a,b) €c R, -» < a < b < o,

{x,t)|x e 9, te (0,7},

{(x,t) |x € 32, t € (0,T)},

{x,t)|x € 2, t = 0},

{x,t)|xeQ, t

T}.

W W )
= EALE 5;,
I

f we drop the lower index T of QT and ST we extend the upper bounc
-interval to infinity. It is clear that 30, = B U E;'u By. We defi
lasses of functions depending on a scalar variable (u = u(x), and

he i-th derivative),

Cm(Q) = {u = u(x)!u m-times continuously differentiable,
Q compact : c™(R) = {u = u(x)lu m-times continuously dif
1
tiable, u,u( ),...,u(m) bounded in Q and
_u,u(l),...,u(m) can be extended to continuou

tions on Q},

el

not compact : C"(R) = {u = u(x) |u m-times continuously
entiable and u,u(l),...,u(m) bounded and uni
continuous in Q}.
m
Q Q i), Q
lal) = sup [ux) ], [ul? = § 12,
0 m . 0
XeR i=

00

ed

e

e

r—




lu(xl)—u(xz)l
H(u;o0;Q) = sup 3 , 0 <a<1,
X1 ,X9€Q, X #Xg lxl—le

M@ = fu=umlue @, s™ 00 < =},
m .
ll® = @ ) B a:0) .
m,a m
i=0
ste that c™(R) (c™'*(Q)) is a Banach space under the norm I-Iz (l-lz a)'
-— . 14
:note by CO’Q(Q) the class of H6lder (o < 1) or Lipschitz (o = 1) con-

>us functions on Q. Next we define some classes of functions depending

two-dimensional argument, namely (x,t) € D € Q, D open.

® D) = {u = u(x,t) |u continuous, (x,t) e D},
Cl(D) = {u = u(x,t)lu,ux continuous, (x,t) € D},
2 .
c’() = {u = u(x,t)lu,ux,uxx,ut continuous, (x,t) € D}, and

CO(B), Cl(ﬁ)} CZ(B) analogously as for a scalar variable,

2 5 . _ . _
a(p,,p,) = {(xl-x )T+ ltl—tzl} , with P, = (x,,t), i =1,2,

2
u(P) = u(x,t) for P = (x,t),

= sup ‘u(P)!I
PeD

D
lal g
la(®)-u(p,) |
H(u;a;D) = sup ~— , 0<ac<1,
Py,PpeD,P,#Py d(P,,P,)

243 = {u = u(x,t) |u e 25y, H(u ;a;D) <, H(u_;a;D) < =},

D D
+ H(u;a;D
lal = luly ( )
D D D D D
= i+ + .
[u'Z,a laiy + Tu b+ Ju 1o+ lu 1
Now we study the stationary equation u. + f(u) = 0, where f satisfies

and (Hf2). As a consequence of the model we are only interested in
s of u with 0 < u <'1. The reverse sign in (Hf2) can be treated by the
je u' = 1-u. Equality in (Hf2) does not lead to travelling wave solutions.

The solutions of U + £(u) = 0 satisfy the expression




1.2 -
2.1) 2ux(x) + F(u(x)) = k,
'here
2.2) F(u) = £ (w)dw,

O

nd k is a constant; (2.1) defines a curve in the (u,ux) plane. In this
hase plane the singular points (0,0) and (1,0) are saddle points, while
a,0) is a center point. From (Hf1) and (Hf2) it follows that Ozigi F(u)
F(a) < 0 and that there exists a number k, a < k < 1 such that F(k)= 0.
or the choice k = F(1) in (2.1) we find the solution u = 1 or u correspc
ith the stable (u = V) or unstable manifold of (u,ux) = (1,0). We label

y 8 such that Ve(O)

8, see (1.5). The following asymptotic behaviour h

2.3) I - Vy(x) = 0™ %), x>, v = /E' (D).
or the special choice f = fc = u(l-u) (u-a), with 0 < a < %, we find
xplicitly

Ve(x) -1 - 2(1-a)

%(2—a)f%/§V1+5/1—2a sinh(/1-a x+B)

B = arsinh['/5(3_3a-(1_e)(2_a)) ] ’
(1-8)V1+av1-2a
v = V1-a.

Next we study the travelling wave solutions, i.e. solutions dependin

1ly upon the variable z = x-ct. We write
2.4) u(x,t) = u(z+ct,t) = v(z,t) = v(x-ct,t)
1ere v(z,t) satisfies

2.5) vV, =V + cv + £(v).
t b-4'4 zZ




ravelling wave solutions we have v, = 0. A consequence of our choice

(Hf1-2) is the existence of a unique number , > 0 and a function

which satisfies

2
ol a
[d—z—iU+CO'CEU+f(U) 0, z € R,

lim U(z) =1, lim U(z)
Z->—00 Z—>0

I
e

x U(z) by the condition U(0) = %. The uniqueness of the number <, will
e clear by realising that in the phase plane the function U represents
nstable manifold of (1,0) which merges with the stable manifold of (0,0)
points are saddles. See e.g. [4], [6] and McKEAN [7] for the correspond-

hase portraits. The following asymptotic behaviour holds

U(2) = 0(eP0%), z > =, B = sley + Vei-a8' (@] < 0,

1 - 0(z) = 0(ef1?), z>—e, 8, = -hlc, - cg—4f'(1)] > 0.

he choice f = fc we find explicitly

9@ = ——

1 + e

c, = L/2(1-2a) , By = -4/2, B, = W2 .

nally mention the results.

EM 1. Let the condition (Hf1-2), (Hgl-3), (Hh1-3) be satisfied, then

2,0 -
em (P) has a unique solution u € C 'a(Q).

For the next theorem we need an additional property of u(x,t), namely

lim lim inf u(x,t) = 1.
x>0 t > o

11 formulate Theorem 2 under the hypothesis (Hh5), which is sufficient

2.9). We note that the theorem remains true as long as (2.9) is wvalid.




'pothesis (Hh5) can be interpreted by saying that the boundary function h

tceeds some treshold value, for a sufficiently long time.

If 6 < k, then h(t) 2 n > k during some interval (t1,t +Tﬂ)'

h5) 1

where t1 is arbitrary and Tn will be specified in Lemma 2.

[EOREM 2. Let the conditions (Hf1-2), (Hgl-4), (Hh1-5) be satisfied, then

lere exists constants ZO' K,w, K> 0, w > 0 such that the solution u(x,t)

" (P) satisfies

0<96 <1 .

lu(x,t) - U(x-c. t-z.) -V (x) + 1] < Ke—wt, uniformly x 61R+,
0 0 ]

6 =1

-wt , +
fu(x,t) - U(x—cot—zo)l < Ke , uniformly x ¢ R .
In section 3 we give an outline of the proof of Theorem 1. In section
we prove a weaker form of Theorem 2, case 2 in the sense that the uniform
nvergence result only holds for x 2 § > 0, where § is arbitrary. In section
we prove Theorem 2, case 1 using results of section 4 and an analysis

ich includes the local behaviour at x = 0. In section 6 we prove Theorem

case 2.
INGREDIENTS OF THE PROOF

For the study of the partial differential equation u, = u + cu + f£(u)

= 0 and ¢ # 0) we formulate the well known maximum principle and a con-

quence of it.

nong Maximum Principle (see ARONSON & WEINBERGER [27).

- 2
t u,v e CO(QT) n c (QT u BT), where the corresponding Q is a possible un-

unded interval in R, and let

1) Llu] = u, + cu_ + f(u) - u

Q
are £ is Lipschitz continuous on [-K,K] for some K > O. Suppose luIOT,
b

0 < K and




Llul < Llv], (x,t) € QT U B,

u(X,O) 2 V(XIO)I X € Q,
and when ST £ 0
u(x,t) = vix,t), (x,t) € ET,

then

v

u(x,t) = v(x,t), (x,t)eéT.

 If moreover

u(x,0)

\%

v(x,0) in an open subset of Q

then

\%

u(x,t) v(x,t), (x,t) € QT UuB..

T
The requirement about the boundedness of u and v is much to
H(f;1;R) < o (i.e. f is uniformly Lipschitz continuous) th
the a priori boundedness condition; see the discussion in [
not necessary to require the uniform continuity of u and v

compact: continuity and the relaxed boundedness condition a

DEFINITION 1. u(x,t) is a regular sub-(super-)solution of t

t XX X ~T T
u(x,0)

[ u(x,t)

u, = u + cu + f(u), (x,t) ¢ Q_ U B,
(")

g(x), X € Q,

h(t), (x,t) € ET,

if u e co(éT) n c2(QT u BT), Llul 2 () 0, (x,t) € Qp U B

u(x,0) £ (2) gx), x € Q, ulx,t) < () h(t), (x,t) € §T.

DEFINITION 2. u(x,t) is a sub-(super-)solution of the probl

ng. If
can re
so it
is not

ugh.

blem

) if




X,t) = max (min) u, (x,t) for a finite collection of regular sub- (super-)

<i<
lutionsl_l_N {ui}? for the problem (P').

nparison Theorem (see FIFE [3]).
t g(x,t), ﬁ(x,t) be respectively sub-, and super-solutions of the problem

'), where f is uniformly Lipschitz continuous. Let

u(x,0) < g(x) <u(x,0), xeQ

u(x,t) < h(t) < u(x,t), mm)e%,

en we can bound a solution u(x,t) of (P') by

ux,t) < ulxt) <ulxt), (xt) g,
1 further

u(x,t) < u(x,t), (x,t) € QT

ulx,t) = ulxt),  (xt) € Q.

case 1) either u or u may also be a solution; in case 2) both u and u

7e to be the solution.

2’u(g_g) (Theorem 1)

The proof of the existence of the solution u € C
[uires a priori bounds for the derivatives of u. These estimates are
reloped by Schauder for the elliptic case and extended by Friedman to the
:abolic case, see FRIEDMAN [5]. In the proof of Theorem 2 we use a corol-

'y of these estimates for the semilinear case, which we formulate below.

nond Estimate Theorem (see [31, [4]).
:Q = (a,b) x (tO'tl)’ tO 20, -a, b, t1 possible infinite. Let QG =

‘a+8,b-8) x (to+6,t1),'0 < § < min((b-a)/2,t —to). Let u € C2(Q) and let

1
satisfy u =u  +ou + f(u), (x,t) € Q, with Iulg < K and

1
; Co’ ([-X,K]). Then the following estimates hold for some o, 0 < o < 1,

wre C is a constant, depending only on § and o




11
0 Qs 0 Q
lal g8 + luyl ® < cClulg + I£eul ),

Q
algs + lu 1904 Ju 198 4+ [u 1% < caieou1;0)-

0 x 0 xx 0 t 0

onn 12 Q Q
(I1£ ulo + lulo) + lulo},
H(u__;0;Q.), H(u,;a;0,.) < c{H(fou-l-Q)-(lfoulQ + IuIQ> + lulQ}
XXI r 6 r tl ’ 6 ’ ’ O O O L4

wrivation of (3.2) is based on Friedman's (1+68)-estimate (see [5],
Thm. 4) and the derivation of (3.3) and (3.4) is based on the inte-—
istimate (see [5], Ch. 3, Thm 5). Note that the constant C does not

1l on Q, u and £ but only on the distance between QG and the parabolic
iry of Q.

{. We note the difference in formulation of (3.3) with FIFE [3], for-
4.4b) . This stems from the fact that in Fife's formula (4.2b) the

hlf should be changed into Ihlg + H(h;0;Q) according the interior

tte. The continuity with respect to t enters then in the estimate. The
jponding term in Fife's formula (4.4b) becomes |f'°u|85/2.

/2 + H(u;a;QG/Z)). The second factor can be estimated in the same way
2) , because the term H(u;a;Qs/z) was present in the original (1+6)-

ite. The final result is (3.3).

OF THEOREM 1. By (Hgl), (Hhl) and the fact that £(0) = £(1) = 0 we

ke u = 0, uz1l as sub-, and supersolution. So we know by the Strong
m Principle that 0 < u(x,t) < 1. For the proof of Theorem 1 we adapt
«chnique in OLEINIK & KRUHKZKOV [8] in an obvious way. They treat the
jponding initial value problem in theorem 14, Conditions (Hg2-3),

i) give the required smoothness. We note that in stead of

([0,1]) it is sufficient for this Theorem 1 to take f ¢ Co'l([O,lj).

EMMA

n this section we prove a weaker form of Theorem 2 for the case 6 = 1,

e main ingredients of the proof are already present. In Theorem 2 we




. . . . . +
ve a convergence result which is uniform on the entire half line R . Here,

wever, we shall exclude a neighbourhood of the origin.

UMA 1. Let the conditions (Hf1-2), (Hgl-4), (Hh1-3) and (Hh4) with 6 = 1
satisfied, then for arbitrary § > 0 there exists constants ZO' K,w, X > 0,

> 0, such that the solution u(x,t) of problem (P) satisfies
-0t .
lu(x,t) - U(x—cot—zo)l < Ke , uniformly x =2 § > 0.

The most complicated part of the proof of this lemma is the construc—
»m of sub- and supersolutions. Our intention is to bound the solution
:ween translates of the function U(z). In the same spirit as FIFE & McLEOD
] we try as subsolution

u = max(0,U(x-c t+s(t)) - g(t)),

0
’re we require at this stage that g > 0, and that g and s tend monotoni-
-ly to a limit value for t -+ ®, with g(»®) = 0. For an application of the

parison Theorem we have to check the following conditions

L[ul = 0, (x,t) € Q, see (3.1) for L[ul, with ¢ = 0,
u(x,0) < g(x), X €ZR+, '

) u(0,t) <h(t), temR,

h for u, = 0 and for u, = U(X—c0t+s(t))— g(t). The conditions on f,g and h

)ly trivially that u, is a regular subsolution. We evaluate L[uz].

1) L[u2] =U_ f(Uu-q) + cOUx - sU_+q

U * coU, + £(U) + £(U-q) - £(U) - SU, + g

f(u-q) - £(U) - éUX + J.

give estimates for this expression we study the difference £f(U-q) - £(V)
. the behaviour of Ux. For convenience we extend the domain of f as

lows
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£'(0)u,
f(u) = {£f(u), 0
£'(1) (u-1), 1 <,

o
A

0,

IA
=i
IA

1,

there exists a constant K > 0 such that

f(u-q) - £f(u) = -Kq, O

IN
Q
IA
-
o
IA
o
IA
[N

f(utq) - £(u) < Kq, 0

IN
Q
IN
-
o
IN
o
IA

1,

K= sup £'(u),
O<uc<1
urther, for any choice of qy 0 < 4G < a and qy 0 < a, < 1-a there

§, and §, such that

s positive numbers ul, u2, 1 5

f(u-q) - £(u)

\%
IA

ha, 0=aq 1
f(utq) - £(u) < —ulq, 0 <qg=< q1 <a, 0£ucxs 61,
f(u-q) - £(u) = Hody 0 <qg-=< a, < 1-a, 1—62 <u<1,
f(u+g) - £(u) < “H,d, 0<qg<1, 1—62 <u<1,

4]. We note that in any case 61 + q1 < a and 62 + a4, < 1l-a.

The purpose of the function g is to satisfy ii), so we have to choose

> 0. The other requirement on g (g tends to zero monotonically) implies
+ SO we have to balance this negative term in (4.1) by £(U-q)-f(U) or
éUx). We know that U(z) is monotonically decreasing with I;Tfm g%u(z)=0

for any choice of 61,62 it follows that

£ = sup il-U(Z)

dz
615U£1—62

unded away from zero. If we choose S > 0 then —éUX is positive and
ed away from zero for values 0 < Gi < U < 1—62 < 1 and fixed t. For
emaining part of the range of U ([0,61) and (1—52,1]) we use (4.4).

x'ql,q2 then we know 61,6 U H, and we define the functions

21




..6) a(t) = q(0e "t s(t) = s(0) + Ty 40 (1-e"F%),
ere
=7) B<u= min(ul,uz).

ter on we restrict B furthermore. We consider (4.1).

< > -
0 <U< 61, L[u2] z 1q Ba = O,

51 S U= 1-8,, Llu,l = - Rg + (-£) ((k+B)/(-L£))g - Bq = O,

- < > - = 0.
1 62 <U <1, L[u2] Hod Bq = 0
is thus possible to fulfill condition i). Next we turn to condition ii)

(Hg4) it is always possible to choose s(0) and q(0) such that
+
.8) U(x+s(0)) - g(0) < g(x), xe R, g(0) < l-a.

om the monotonicity of U(z) it follows that any larger value. of s (0)
so suffices. Finally we examine condition iii). By (Hh4) we know that

ere exists constants Cl' T1 such that

1-nht) <ce, >0,
1 1
as for some number T2 > T1
u2(0,t) - h(t) = U(—cot + s(t)) - q(t) - h(t)
< U(—cot +s(0)) - 1+1-h(t) - q(t)
< Cle«Yt - q(O)e_Bt <0, t > T2,

we choose B < y and T2 large enough. By enlarging s(0) it is also pos-

>le to fulfill condition iii) for 0 < t < T2, while it does not disturb

> estimate above. So by application of the Comparison Theorem we find

,9) u(x,t) = max(0,U(x-c t+s(t)) - g(t) < u(x,t), (x,t) € Q.

- 0




analo

aminin
for a
al way

we le

for so

choos

n give

ray it is possible to construct a supersolution

) = min(1,u(x-cot—5(t)) + q(t)

Bt K+B Bt

» s(t) = s(0) + B (-0) q(0) (1-e " 7).

= q(0)e

corresponding condition ii) we need &(O) 2 lim s
- x>
tion of (4.4) we need g(0) < a, so we find (Hg4)

ay attention to the corresponding condition iii)

at there exists constants C2, T3 such that

_81C0t, £>T ,

(—cot—s(O)) < C3e 3

T >
ber 4 T3

t-s(t)) + q(t) - h(t)

~c,t=5(0)) - 1+1-h(t) + q(t)
e—BlcOt + &(O)e_st > 0, t>T

3 3

Blco and T3"large enough. So finally we set

1n(BlcO,Y,u)-

stimates and the knowledge of the asymptotic beh
namely (see (2.7), (2.8))

Boz)

= O(e ,z—>°°,80=———-—0

BlZ), Z >-o, 81 = -

stimates for the function u(x,t)

o]

(-52- o) (x-c t)
) < C4(e + e ), x-c t = 0,




o
(- 5+ 0) (x-ct)

.14) l-u(x,t) < C4(e +
o

ere g = min(oo,cl), so BO < - 5 - o< 0,

section 2 u(x,t) = v(z,t), z = x—cot and

timates (4.13), (4.14) can be translated 4
z,t).

We want to apply the A Priori Estimate
ve a p01ntw1se bound for v (z,t). By choos

d Q6 (z 6 z-+ S)X (t,W) we find by (3

IQ‘S

lvz(z,t)l < !vZ o

Q
< +
clvlg + |
ere exists positive constants k,K such tha
u) < K(1-u), where k *-alnflf (u) and K—
2 right hand side by means of (4.13) and (

o]

0
(—'2——0)2 -8
.15) Ivz(z,t)l < Cs(e + e
o
(-—+0)z -8
.16) Ivz(z,t)l < C5(e + e

2 need to take the supremum over the large

larging the constant C, by a factor depend

4
study the function w(z,t) = 1-v(z,t) and

2at the higher derivatives in the same way

r the function u(x,t). Then finally we arr

.17) lux(x,t)l, |uXX(x,t)l, lut(x,t)
H(uxx;uin),H(ut;a;Ql) < C6(e

(x,t) € Ql = {(x

.18) lux(xlt)ll qux(x’t) Ir ]ut(xlt)
H(UXX;G;QQ),H(ut;a;Qz) < C6(e

(x,t) € Q, = {(x

- < x- <
’ cot <x cot o,

(o]

, 7§.+ o > 0. As was noted

sfies (2.5). Thus the

y into estimates for

m for the derivatives and

2 2 §
(2_3612""36) X(t"3col )I

IA

f(u) £ Ku, and =k (1-u) <
(u) . Now we can estimate

This yields

220, t28/cy,
-ct+8§ <z <0, t = 6/c0.

in Q has been met by

§. For values of z <0
rresponding equation. We
e translate the results

the following estimates

o) (X—Cot) + e—Bt
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It will be convenient to extend the domain of the function u(x,t) from

+ +
R to R XxIR . This will be done in the following way

1, x<§, t=0,
) u(x,t) ={v(x,t), 6 <x<28, t=0,
u(x,t), 28 £ x, t = 0,

r P(x,t) represents a smooth connection between the functions u and 1

) vt = 1+ xEES we,0-1),
1
y 1-
f e 1-s2 ds
) x(y) = —* : , -1<y<l1.
1 1-
f e 1'52 ds
-1 .

all use the notation ;(z,t) = ;(x,t). Now the same type of estimates
alid for G with possibly a larger constant (say C7), but without the
iction x = §, because firstly the constant part of G does not give
roblem and secondly the derivatives of the connection Y are all bound-

. view of the boundedness of u and ¥ and their corresponding deriva-

Thus we have found the same estimates as Fife & McLeod did in their
ment for the pure initial value problem. The rest of the proof of
lemma follows the lines of [4]. For the sake of completeness we sketch

remaining part.

f(°,t)[ t=2t = é/co} is relatively compact in Cz(ia.

0
(o]
For a sequence {th}l' tn - ®, n > o, we apply Arzela-Ascoli's Theorem

e interval [-K,K] for every K. Then there exists a subsequence {t_ _}

n,K
that v(',tn K) converges in C ([-K,K]), and there exists a subsequence
’ ~ —
c it h that conv es to v on [-K-1,K+1
+1} { n,K} suc a V(z'tn’K+1) erg (Z) l: ’ ]I

'(z) satisfies also the a priori estimates for the limit case t = o,
2

%-_(z) is uniformly continuous on IR. Choose now numbers K and T such




.22) D Tt - @] <6, Jzl <x £ T, 4

0,1,2.

oose N such that t > T then
N,K

.23) I(é%ﬁi(;(z,t) -v(z)| <e, |zl <k, n=nN, i=0,1,2.

.22) and (4.23) together imply that there exists a subsequence'{t£}<:{tn},

-+ ® such that lim v(z,t = G(z) in Cz(ia.'

')
n>o n
Estimates for G(z).

For the function G(z) = G(x—c t) we can give the estimate

0

.24) U(x-c _t+s(®)) < G(x—cot) < U(x—cot—é(w)).

0
remark that both s(«), E(w) are finite numbers, so the limit function
bounded by two translated travelling waves. It is possible to prove

at the limit function itself is a travelling wave, i.e. there exists a
such that G(x—cot) = U(x—cot—zo). The mathematical tool for proving this

rpose is a Lyapunov functional V. To avoid difficulties with convergence

transform ;(z,t) to w(z,t), where w lies in the domain of the functional

r

1 ’ z < et-1,
G_(z,t), -et -1 < z <£-¢t,
.25) w(z,t) = {v(z,t) , -et < z < et,

0+(z,t), et <z < et+1,

\O ’ et+1 < z,
are we have chosen
.26) e < 28/001
i
o (z,t) = 1 + x(2z+2et+1) (v(z,t)-1),
.27)

(1-x%x(2z=2et-1)) (V(z,t)) .

0+(z,t)




e Lyapunov functional V.

Define the following functional

o]

c z
2

) viw] = J e 0 {%wz - F(w) + H(-2z)F(1) }dz,

H(z) = 0, z < 0, H(z) =1, z > 0; see (2.2) for F(w). in make

ollowing sequence of statements as a result of the def m of w

4.17), (4.18) and (4.26)

Vlw(-,t)] is bounded, independently of t = G/CO.

Let V(t) = VLw(*,t)], then é;it V(t) exists and

(o]

. cyZ
Ty V(t) = V(t) = - f e {wzz+cowz+f(w) }wtdz.

- 00

Let

oo
Cc_ .2z

_ 0
olwl = J e {wzz+c

- 00

w +f(w)}2dz,
0z

then Q[w] = 0 and
lim |V(£) + olwl(t)| = 0.
o

limsup V(t) < 0 and even lim sup \.I(t) = 0, because oth :

Tt to>o
Vlw(+,t)] tends to minus infinity, which contradicts i 1s ther
exists a sequence {t_} such that lim V(t_ ) = O.
lim Qlwl(t ) = O.
n>o n
There exist a subsequence {tr'1} c {tn} such that

1im Q[wl(t') = 0 and w(z,t') + v(z) in C2(]-§
n->o n n

For any bounded interval I wvi) implies

€y 5
lim | e ° {w__+cw+Ef(w)}| ,dz = 0,
N> zz t=t

I n

0




and the same limit is also equal to

0%, - - - 12
J e {v_. +c v + f(v)}°az.
ZZ 0 z

I
So we have GZZ-FCOGZ + f(G) = 0 for z € I. We know 5(—w) =1,
G(w) = 0, thus from the uniqueness in the phase plane, modulo
translation, there exists a ZO' such that v(z) = U(z—zo).
iii) We know that w(z,tﬁ) - U(z—zo), n->oin Cz(iﬁ and thus also

;(z,té) - U(z—zo), n > ©, We prove that z_  does not depend on the

0

choice of the sequence {t_}. If for some n I%(z,t' )-U(z-z )I <€
n 0 ng 0

we can construct sub- and supersolutions in the same way as at the

beginning of the proof of this lemma, such that for all t > t'

|v(z t)-U(z-z )' < € (and also for the corresponding derlvatlves)

by choosing q(O), q(0) = 0(e) and s(0), s(0) = z, + O(e).

. The rate of convergence is exponential.
For the proof of this statement we refer directly to the paper of

ife & McLeod ([4], section 5). In our notation they find
~ _u)»t .
Iv(z,t) - U(z—zo)f < Ke , uniformly z ¢ IR.

» remark that it follows from their proof that w < B, so also w < Y. See
lso the discussion in section 5. Keeping in mind that ;(z,t) =v(z,t) =

(x,t) for x = 28 it follows
-wt .
lu(x,t) - U(z—zo)l < Ke 7, uniformly x 2 26.

s we have proved the statement of Lemma 1 (8§ was arbitrary). At this
int we need a better analysis for extending the domain of uniformity up
» x = 0. This will be done in the next section for the general case

) =0 < 1). In section 6 we apply the same technique for the particular

ise 6 = 1.




21

E GENE SE
In the ding section it was possible to prove a uniform conver-
resul x € [§,2), § > 0 arbitrary, by the special choice of
ary fu h(t), because %ig h(t) = 1 and %ig U(x—cot—zo) =1 for
ed num In the general case the limit value of h(t) is 6, 0<6<1,
will ossible to prove a result like lemma 1. The influence of
oundar tion will play an important role in this section. As in
ON & W GER [1] we encounter in this initial-boundary value prob-
thres ffect (see [1], Theorems 5.3 and 5.4).
If the ary function h(t) fulfills some condition (Hh5), which
e inte ted by saying that this function exceeds some value over
g enou iod then lim lim inf u(x,t) = 1 ([1], Theorem 5.4) while
x> oo
exist her condition which is sufficient to ensure that
im sup ) =0 ([1], Theorem 5.3). We shall only consider the first
Z:d pr e convergence to a travelling wave in a certain sense. We
refor Theorem 5.4 of [1] but first we introduce the function
as so . of
Qn + f(Qn) =0, Xx € R,

) =mn, 2=0(0) =0, «k<n<Ii.

dx ™n
nd Qﬂ( choosing k = F(n) in (2.1). Qn satisfies the bounds
<1 or x ¢ [-£ ,£ ] where
n n n
n
‘ J _ du
V2 (k-F (u))
0 .
L)y =0 +£ ) = +/2k
n) ’ an( n)
_2 (se Theorem 5.4) Let the conditions (Hf1-2), (Hgl-3), (Hhl-4)
g=z=o0 isfied. There exists for any n € (k,1) a positive number

ch tha




h(t) 2 n, t e (t1,t +Tn) for some t, > 0

1 1

ilen the solution u of pioblem (P) satisfies

1.2) u(x,t1+Tn) > Qn(x—l—Zn), X € (1,1+2£n),
1d

lim liminf u(x,t) = 1.

X->0 t>o0

mma 2 proves the existence of the number Tn in condition (Hh5).
*
Next we shall prove the existence of positive constants c,, C, Yy , T

ch that

1 0

*

.3) 1-ulet,t) < ceME e Ty -

nsider therefore the following problem

' = + >
U, =ua + £, X >0, t >t 4T ,

Qn(x—l—zn), X € (1,1+2£n),

v) u(x,t

T =

o , X € [o,1]u[1+2£n,w),

u(0,t) =0, t >t +T
- 1. ™n

2 solution of (P') is a subsolution for the solution of (P) so that

xk,£) < u(x,t), x 20, t = t1+Tn. Now we apply the Proposition 5.1 in

] to show that u(x,t) is nondecreasing in t and lim u(x,t) = ¢ (x) uni-
b Feo —

rmly on bounded x-intervals, where ¢(x) is the smallest nonnegative

lution of the equation ¢xx + £(¢) = 0, x > 0 such that

$(0) = lim u(0,t) = O,
troo T
bod(x) = Qn(x—l—ﬂn), X € (1,1+2Kn).

shall show that these conditions imply that ¢(x) = Vo(x) (see section 2
: Vo(x)). Clearly ¢(0) = VO(O). Next we shall prove that Vo(x) satisfies
'+ Choose any number p, 0 < p £ n, and define x

1 and X, by Vo(xl) = p,
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2-1—Kn) =p,x, <1+ En. By the monotonicity of Vo(x) ii) is equivalent

the inequality 3 < X,- From (2.1) we learn

p p

_ f du J du
X = —_— < =x_-1,
1 V2 (F (1) -F (u)) V2 (F (n)-F (u)) 2
0

1se F(1) > F(n), so the statement follows. From the convergence of
:) to VO(x) uniformly on bounded x-intervals we learn that for any
1 x-interval [0,X] and for any given € > 0, there exists a time

TO(X,E) such that
! 0 < VO(X) - t_1(x,TO) < g, x € (0,X].

JITION 3. Define the function m(x,t) = B(X't+TO)' x =20, t =2 0. Then

) is the solution of problem (P")

mo=m o+ E£m , (x,t) €Q-= (R x rT),

m(x,0) = E(X,TO), x € RT ,

m(ort) =0 ’ t e IR+ -

che solution of problem. (P") we shall construct a subsolution m(x,t).
ronstruction of this subsolution is complicated and we do the calcula-
5 in an Appendix (section 7). From that construction we learn that

~ *
> exists positive constants cl, C, Y such that c1 < cO and

T ,t) < Ce Y

1 - Ig(clt+c1 0 ’

t > 0.

formula (7.59) in the Appendix. Because of the inequalities

2) £ m(x,t) = E(x,t+T0) < u(x,t+T0) we learn from (5.5) that also

*
~ =y (t-T )
) L -ule;,tt) £ 1 -mlet,ery) <Ce ¥ 0, £,

1 is equivalent with (5.3).

VITION 4. Define the following subdomain of Q




* -—
5.7) Q = {(x,t)| x> x(t) = c,tr t> 0}.

*
! this domain Q we apply Lemma 1. We formulate the result as Lemma 3.

‘MMA 3. Let the conditions (Hf1-2), (Hgl1-4), (Hhl1-5) be satisfied, then
* *

r arbitrary § > 0 there exists constants Zyr K, w*, K >0, w* >0

ich that the solution of problem (P) satisfies

1. 8) lu(x,t) - U(x—cot—zo)l < ke ¥ t, uniformly x > x(t) + 6.
OOF. Apply Lemma 1 to the domain Q*. The role of the boundary function
11 be played by the function u(x,t) itself. We learn from (5.3) that

e behaviour of u along the t-dependent boundary of Q* fulfills the con-
tions of Lemma 1. The fact that the lower bound of x of the domain Q*
pends on t does not matter in the proof. The only point to check is
ether the argument of the sub- and supersoclutions along this boundary
nds to minus infinity. For the subsolution this argument reads

t) - cot + s(t). In view of the behaviour of s(t), the fact that c, < c

1 C
d the equality

.9) x(t) - c t + s(t) = (cj-clt + s(t), t=20,

0

is argument runs to minus infinity as t - «. An analogous result holds

r the supersolution. For the corresponding B value (see (4.12)) we have

take
* . * *
.10) B < mln(Bl(cO-cl),Y 1) =y,

we know w* < B*. The equality sign in (5.10) follows from the calcula-

ons in the Appendix. [

Now fix the number § > O in Lemma 3 and consider the complement of

in Q.

PINITION 5. Define the following subdomain of Q




1) 0" = {(x, )] 0 <x <X (t) = X(£)+6 = c t+s, t > C

* *% *%* *
Definitions 4, 5 it follows that Q\Q < Q "~ and Q\Q <c Q .
We give the following a priori lower bounds for u(x,t).

2) u(xt) = mix T, (kb)) e Q' t 2T,

*
* - ‘ *%
3) u(x,t) = U(x—cot—zo) -kKe? t, (x,t) e 9\Q , t =
nate (5.12) follows from the construction of the subsolution
ndix. Estimate (5.13) follows from the result of Lemma 3, wh
*%
in of convergence was Q\Q : u converges to a travelling wav

*%
nall prove that u converges to V, for (x,t) € Q ~. Therefore

S
following function u(x,t) for the fixed chosen § > 0,

—%
u(x,t), 0 <x<x (t), t =0,

—-%
1) u(x,t) = {ulx,t) + x(gz:gzgiEl:gd(Ve(x)~u(x,t)),

—% —%
x (t) <x <x (£)+8, t =0,

Ve(x)’ X (t)+8 < X, t > 0.

(4.21) for x(x). From the definition (5.14) and the estimate

(5.13) we obtain for some C1 >0

5) 1 - u(x,t) < cle‘Tx, x>0, t >0,

2T = min(v,w*/cl). According to the A Priori Estimate Theor

for Q. = {(x,t)l‘x >8., t>68.13, 6
61 1 1

0

1 a small fixed number,

~ -TX
l

5) |§X!, IGXX lu | <ce” ™™, (x,t) ¢ Q51,




1.17) H(uxx;a;Qal), H(ut;a;961) < C2e .

. 2 + +
| view of the fact that u € C 'a(I{ x IR ) (see Theorem

lere exists some number M > 0 such that
ey 0 N.._<
luxlr luxxl, Iutl, H(u ;0:Q),H(u ja;Q) < M,

' that we can extend (5.16), (5.17) up to the boundary

us for some C3 >0

~ ~ ~ -TX ~
< =
.18) lux|, qux|, Iutl <Cjpe T, (xt) e Q= {i

~ ~ ~ ~ -TX
.19) H(uXX’a'Q), H(utIaIQ) Sc3e .

use these estimates to prove that lim u(x,t) = Ve(x),
oo
in Lemma 1 we can make the following statements

{u(-;t)] t 2 0} is relatively compact in c2(rh).
The proof runs along the same lines as in Lemma 1.

mit function by w(x).

The limit function satisfies
max(O,2VO(x)—1) < w(x) < 1.

is estimate is trivial after the discussion above. To

(x) we need again a Lyapunov functional.

The Lyapunov function V.

Define the functionals

V[G] = J { Gi - F(E) + F(1) }ax,
0

J { + f(;) }2dXI
X
0

olu]

e
u
x

that

¥
v
o
—
~

1e

1(x) =
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which are well defined by (5.15) and (5.16). As Lemma 1 we find

Wox + £(w) = 0, x ¢ [0,L] for every L,

w(0) = lim u(0,t) = lim h(t) = 8,
t>e £t

lim w(x) = 1.

X->00

From the uniqueness in the phase plane we conclude w(x) = V_ (x), x = 0.

)
2, _+ ~

By the uniquness of the limit in C (R ) it follows that u(x,t) converges

to Ve(x) not only along sequences but for all t, thus

(5.20) lim G(x,t) = Ve(x), uniformly x € nﬁl
>0
4. The rate of convergence is exponential.
For this property we cannot directly refer to the proof of FIFE &
McLEOD [4], because of the influence of of the function h(t), but after
some appropriate changes we can still use the basic idea underlying their

proof. Define

(5.21) K(x,£) = u(x,t) .- V,(x-a(t)),

where a(t) has been chosen so that (recall G(O,t) = u(0,t) = h(t))
k(0,t) = h(t) - Ve(—a(t)) = 0.

So 1lim a(t) = 0, because lim h(t) = 6. It follows from the implicit func-
tiog+§heorem that o (t) exgzzs and that it is continuously differentiable.
In view of the fact that h(t) - 6 = O(e_Yt), as t > », we find
e—ve(—a(t)) = O(e_Yt), as t > ® and even a(t) = O(e_Yt), as t > o,

From the definition of ;(x,t) (see (5.14)) we learn that E satisfies

(5.22) 2 o=u  + £(Q) + r,
t XX

where




IA
b

-% -
= 0, 0 <x (t), x (t) + 8§ <x, t =0,

rix,t) =
—% —%
# 0, x (t) £ x <x (£)+6, t = 0,

1d for some number C > 0

- -— -k
lr(x, )] < ce” ™, X(t) £x <z (t)+5, t =0

i a consequence of (5.18) and (5.19). So k(x,t) satisfies

k, (x,t) =k  (x,£)+a' (£)V,. (x-0(t))+E£(V, (x-a(t))+k(x,t)
t XX OX 0

- f(Ve(X—u(t)))+r(x,t).
(Hf1) (f € Cl([O,lj) this can be written as
.23) kt(x,t) = kxx(x,t)+f'(Ve(X))k(x,t)+s(x,t)
+ oc'(t)v6 (x-a(t))+r(x,t),

X

ere s(x,t) = o(k(x,t)) as t > o,

Define the operator M
= — — ! =
Mk kxx £ (Ve(X))k, k(0) 0.

o 2
is symmetric, bounded below on CO(O,w) n L7(0,»), so according Fri
eorem M possesses a self-adjoint extension with D(M) c L2(O,W). We

e behaviour of k(x,tj for large values of x. Fix t > 0, then

lim k(x,t) = lim Ve(x)—Ve(x-u(t)) = lim oc(t)Ve (E(x)) =
X0 X+ X0 X
ere & represents some function with £(x) > x. In view of the fact

(&) = O(e—vg), £ > », and a(t) < sup a(t) = A¥, we find that
X 0<t<w
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k(x,t) < Ae °X, x>x%(t) + 8,

-hat
—%
o x (t)+68
k(t) = J k(x,t)dx < J k(x,t)dx + A/v.
0 0

use lim k(x,t) = 0 uniformly in x, we know that given € > 0, for t
00

rer than some number T€

4) K(t) € (X (£)+8)e + A/v = c tHe,,

1 1’ C2 = (XO+5)E + A/Vv.

. the theory of singular Sturm-Liouville problems we learn (see
HMARSH [41)) that the spectrum oc(M) of M consists of a continuum in
interval [X,W), where A = iig - f'(Ve(x)) = -f'(1) > 0 and possible
screte part in (-A(6),)), where A(8) = Oz;gw f'(Ve(x)). Now we shall

e that the smallest eigenvalue of M, A is positive (if it exists).

OI
£ represent the eigenfunction belonging to the eigenvalue of AO' so

5) Kxx-+f'(Ve(x))£ = —AOK, £(0) =0, £(x) > 0, x € (0,®).

ifferentiate the expression for Ve (Ve + f(ve) = 0).
XX

U =
6) Ve + £ (Ve)Ve 0.
XXX X

iply (5.25) by (-V, ) and (5.26) by £, add both expressions and in-

Ox
ate over (0,«):

[e o]

X XXX X X

A J Ly dx = J (live —Kxxve Ydx = Kx(O).ve (0).
0 0

now that v, (0) > 0 and also that KX(O) # 0 (otherwise £ should be

0x
tical zero), so f £v_ dx > 0 and KX(O).V

(0) > 0, and hence X. > O.
0 X 0

0y 0




ltiply (5.23) by k and integrate over (0,«), then (IIkII2 = f kzdx)
0

[e]

1 4 2 .
.27) 5 EE'"k" = (-Mk,k) + J s.kdx + a'(t) f ve (x-a(t))k(x,t)dx
X
0 0
+ J r.kdx,
0
2re
2
.28) lf s.kdx| =o(1) Ikl°, ¢ > ,
0
.29) |a'(t) f Ve (x—a(t))k(x,t)dxl = O(G'(t)).o(i(t)) _
X
0
=oce+cye '), £,
S X (£)+8 .
.30) IJ r.kdx] < Ce.—Txdx < GCG—TX (t) = c3e“TC1t, £ > o,
0 x*(t)

2
 k € D(M) we have (-Mk,k) < (—AO)"k" , so from (5.28), (5.29), (5.30)
're exists for arbitrary p,% < p < 1 a number TO such that for some number
>0

1 4 2 2 -Yt - .
- — lxl“ < (- Ikl > = , .
31) T k ( Apo) k + C4e , t TO' Y min (y TCl)

ally we find

2C - 2C -2\ _pt
32) Ikl « —4— "ty g o4, T
2) -y YTo 2 p-y 0
Op Y Op Y
s if
2App > Y, Ikl = 0™y, t > o,

2Xgp < R Y O(e_ZAopt). t >

-

AO > v/2, then there exists a p, % <p <1 such that ZAOp > ;, so we

e case i); if AO < y/2, then ZKOp < y, and we have case ii). So the




. —ut ~ . . . .
y is O(e B ), where u is arbitrarily close to mln(ZAO,Y,Tcl), whic
*
1 turn arbitrarily close to min(ZAO,Y,clv,w ) because T = min(v,w

Now we use [5], Lemma 5.1. For f ¢ Cl(EE;) an(IﬁW

3 2 2
<= el
€10 < 2 151 0607,
-1u/3t
((',t)lo < CSe u/ for some number 05 > 0, because Ik(-,t)l1 can |

nated uniformly by a constant (we recall that u e C2,a(§))_ So

sup |G<x,t)-ve(x)| = sup IG(x,u—ve(x—oc(t)>-oa(t)ve (£ (
0<x<» 0<x <o x
< kGt g+ cglate)] < CSe_“/et + c6e‘Yt.

~ ~ ~ ~ ~ 1~
there exists a K, w, K> 0, w > 0, w = 311 such that

~ —_—

~ N - +
3) lu(x,t) - Ve(x)l < Ke wt' uniformly x ¢ R .

*% *%
> restrict (5.33) to the domain Q and we use (5.8) for Q\Q we

:8 > 0)
1) lu(x,t) - U(x—cot - zO) - Ve(x) + 1]
< Iu(i,t) - Ve(x)l + |1—U(x—c0t—zo)|
< Ee—wt + C7e—81(c0—c1)t, (x,t) e Q**,
3) lu(x,t) - U(x—cot - zo) - Ve(x) + 1
< lu(x,:) - U(x—cot-zo)l + I1—Ve(x)|
<xfe¥t cae"vx
*
<Kt Cge_v(6+clt), (x,t) € Q\Q**-

1g (5.34),(5.35) together, we learn that there exists constants zo

—cl),vcl) = l-a > 0 such that

~ %
K>0, w=mnin(w,w ,Bl(c 3

0




.36) Iu(x,t)-—U(x—cot—zo)-ve(x)-+1| < Ke—wt, uniformly x e R

14

ich was the first statement of Theorem 2.

THE CASE 6 = 1

As was observed in section 4 it was not possible to extend the uniform
nvergence domain up to x = 0, because the avpriori estimates did bot hold
sre. Nevertheless it is possible to prove the same result (5.36) for 6=1.

—%
know already that the solution converges to 1 for x (t) =c,t (even

1
r X = §) in an exponential way. So we can apply the techniques of section
lirectly with the only difference that we take u = 1 instead of u = Ve(x).

—%
r1ally we find that lim u(x,t) =1 uniformly 0 £ x < x (t), with decay

-wt R (P15 g . . . *

3 ), with w = §-u and u arbitrarily close to mln(—2f'(1),y,c1v,w ).

is result together with (5.8) gives the second statement of Theorem 2,
1~

th w = 3 .

APPENDIX

In this Appendix we shall .construct a subsolution m for problem (P")

m_ = rnX + f(m) , (x,t) € 9 = (IR+><]R+),

) m(x,0)
m(0,t) =0 r t o€ ]§+.

+
E(XITO)I Xxe IR ,
know that it is possible to choose TO such that for any given x-interval
X] and for any given € > 0
1) 0 < Vo(x) - g(x,TO) <e, x e (0,X].

~ *
" object is to prove that there exists positive constants c., C, Yy such

.t

1

*
2) 1 - mle,the,T,0) <Ce ¥ 5, &> o0.
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subsolution m(x,t) will be composed of three functions m, i=1,2,3

Q) m, (x,t) =0,
k) gz(x,t) = Vo(x—r(t)) - pOeBx_at,
) 93(x,t) = U(x—c0t+s(t)) - qoe_yt,

‘e r(t) and s(t) are defined by

R(1-¢" %%y,

)) r(t)

t

7) s(t) = s(0) + S(1-e '5y.

lefine Vo(x) for negative x as the natural continuation of Vo(x) for
.tive x, then Vo(x) is negative for negative x.
In the sequel we have to specify the positive parameters po, B, a, R,

10, Y, S and the parameter s(0). We define the subsolution g(x,t) as

_OwWS
rmax(xill,z_r_lz), 0 <x < xl(t)(
max(@2,93), Xl(t) < x < x2(t),
3) m(x,t) = { m, (x,(t),t) <0,
- X
max(g3,§1), x2(t) < x < x3(t),
< X.

\121 ' X3 (t)

function m(x,t) has been pictured in figure 1.
First we shall calculate under which conditions on the parameters

functions m. satisfy the differential inequalities

)) Llm,] = m, + f(m,) - m, =0, x, ,(t) <x <x,(t), £t >0,
-i _lxx -i i i-1 i

i=2,3.




p————
- Vo(x)
xlt) / _
/ N\
/ N\
/ m, (x,t)
//
y , _ m, (x,t)
V7,
v T T T \\
Xl(t) x(t) x2(t) X > x3(t)
fig. 1
‘rémark that @1(x,t) = 0 is a trivial subsolution.
We evaluate L[@zjz

.10) Llm, ] = £(v_-p) - £(V ) - sz -oap + ¥ V_,

-2 0 0 Oy

. ] Bx-at

ere we have used the shorthand notation V0 = Vo(x-r(t)) and p = poe .
the same way as in section 4 we split the range of V0 up in parts:
< VO < 1—52 and 1—62 < V0 < 1. But before we can proceed we have to bound
2 function x2(t). It is possible to prove that x2(t) = c2t + 0(1), t =+ o,

¢ some positive constant Cor which will determined later (see (7.56)).

v we can bound p = p(x,t) as follows

(Bc,-a)t
x-ot * 2
.11) p = poeB < pye o XS x,(8), t20.
choose
12) § =

—(802’a)l

! by a proper choice of o,B we can insure that § is positive. Choose now

in arbitrary small number and let 62 = 62(p), and p, = p2(p) be such that




:hird inequality in (4.4) holds:

3) f(u-p) - £(u) 2 MRy 0 <p< P, < 1l-a, 1—62 <u <

2
k) My =V (1-p).
|\ section 4, let

) k =  inf % V() -
0sv <15,

se further

*
5) R = (K+82+u)po/6k,
4.3) for K and let

") B +a=u,.

0<v_ < 1-¢_,
0 2 St

L[gzj > -Kp —(82+u)p + 8Re 'k
e_at[-Kp;-(82+a)p; + S8Rk] = 0, by (7.16).

(\%

<1,
0 2
Llm,1 > wp - (B"+a)p = 0, by (7.10).

- <V
1 62
>te that this inequality holds only for

3) p(x,t) < p2.

1all discuss this condition later on. We evaluate L[m3].




7.19) Llm,] = £(U-g) - £(U) - vq - su_,

here we have used the shorthand notation U= U(x—cot+s(t)) and g = qoe_Yt.

n exactly the same way as in section 4 we prove that L[g3] 2 0 by choosing

7.20) L = sup é%-U(z),
<u<1-
61_US1 62
7.21) Yy < min(ul,uzh
7.22) S =

(K+Y)qO/Y(—Z),

1ere 61 is an arbitrary small number and ul follows from (4.4). In view

(7.13) we have to choose qO < p2- We recall the asymptotic behaviour of
)(x) and U(z), see (2.3) and (2.8)

'.23) 1 -V x) = ale_vx(1+o(1)), x> @, v2 = _f1(1),
B,z
' 24) 1 -U(z) = age Y ito(1)) , 2 > —w, B, = - %{co—/cg+4v2 ,

ere a1 and a2 are some positive numbers; see for analogous results

HIYAMA [10, Thm.2.1]. We shall use the relation

.25) (Vv+8,) (v-Bl) = c061,

. . , 2 2

ich follows from the quadratic equation B“ + cOB - v =0 for Bl'

Next we determine the behaviour of the function i(t) defined by

132(>_<(t) ,t) = 0:

.26) ii—v (x-r(t)) - Bp eBx_O‘t = 0.
dx 0 0 =
x=x(t)
the relation
27) L v (%) = v(1V_(x) (140(1)), x =
: dx 0 - 0 ! !

1 by (7.23) we find




d _ -Vx
(7.28) ax Vo(x) = vale (140

Using (7.26) and (7.28) we find wi implicit fun

theorem for §(t) the following exp

_ _ - o
(7.29) x(t) c3t + XO + o(1) ;IE ’
and for gz(i(t),t)
(7.30) m, (x(t) ,£) =V, (x(t)-r
= vo(E(t) - (£)-x(t)) .
In view of (7.27) we know the exis e constant A
(7.31) Sy (x) < A(1-V. (%))
. dx O - 0 !

so we can estimate @2(§(t),t) as f
(7.32) m (X(£),t) = (1 +Dv

-2 ! . B0
Let us compare §2(§(t),t) with @3( stimate for
reads
(7.33) m,(x(t),t) < sup m .

- -y <00
If we can prove that

-yt ) A

(7.34) qge Yo s (14 3 (v, ( 0,

then, by (7.32) and (7.33) the con
(7.35) m, (x(t) ,£) > my (x(t),t

In view of (7.23) there exists a c ch that
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v
o

(7.36) 1 -V (x) s Zle'vx, x

Jsing (7.36) the inequality (7.34) is implied by

' =y -2
'7.37) Y < vc3 =V vig

:0ogether with

-v (io—r ())

7.38) 9 > (1 + %) ;1e

iy reducing pO we enlarge x , so the righthand side of (7.38) can be madc

0
rbitrarily small and we can choose qO < p2, which was necessary in view

£ (7.13).

Next we define the functions x4(t), x5(t) by

7.39) m, (x,(t),t) = 1-p,, gzx(x4(t),t) < 0,

7.40) §3(x5(t),t) = 1—p2.
ur object is to prove that x4(t) < x5(t), t 2 0. This inequality gives

ogether with (7.35) the existence of the function xz(t) for all time,
here x2(t) is defined by

7.41) Ill2(X2(t) ,t) = 11'13(X2(t)lt)r Elzx(xz(t)lt) < 0.

t is clear that the solution §4(t) of
Bx (t)-at

7.42) 1 - pge 4 - 1-p,

atisfies x4(t) < §4(t) and analogously that the solution §5(t) of
7.43) U(§5(t) - c.t + s(»)) - q, = 1—p2

0

itisfies §S(t) < x5(t). It is easy to determine §4(t) and §5(t)




_ p
(7.44) x(U=gt+lb(£%
4 B B P,

-1
(7.45) X (t) = cyt = s(=) + U " (1-p,+q ),

0

U is the inverse of U. If we choose

=
(7.46) c4 =3 < COI
b
1 2 -1
(7.47) Ekn (5;) < - s(») +U (1—p2+q0),

then we have proved the desired inequalities

X <
(7.48) x,(t) < x,(t) X (t) < X (£) .
We note that s(®) = s(0) + S = s(0) + (K+Y)qo/y(—£). So we can achieve
(7.47) by choosing s(0) small enough, possibly negative. Once we have
found the existence of x2(t) we can determine its asymptotic behaviour
First we specify o, B and vy
(7.49) a = gc, - /o,

(7.50) Y < mln(ul,uz,vc3).

The condition (7.17) together with (7.49) gives

(7.51) B = —21- [—co + Vcé+4\)2] - % [/C(2)+4v2 - /cg+4\)2+4f——4p\)2

o

b —
ch-+4v2

Il
jon)
—

+ 0(p).

Note that the choice (7.49) implies the condition (7.46). We calculate

o, BCO~/E
(7.52) vc3 =v oi8 = v vig =
B1%
VogiE T 00R) = v(v-B) + 0(/p),




" (7.49), (7.51) and (7.25). We note that vy < vc, implies also

3
. 2 2
.53) Y < By/eg 4T+ 0(/p),
cause
2 2
.54) v(v—Bl) < 81 co-+4v .

equality (7.54) can be proved as follows

= 82 + B, (-2B, + Vc2-+4v2-v) =
1 1 1 0

- Bf - vBl + Bl|/c(2)+4\)2 < Bls/cg+4v2.

_ a2 _
v(v~61) = 81 + cosl v61

xt we can determine the asymptotic behaviour of xz(t). With the aid of

e implicit function theorem we find

.55) x2(t) = c2t + xO + o(1), t > o,
ere

Ik
.56) c, = g -

> expression (7.55) holds only under the hypothesis
.57) Y < mln(—Bl(cz—cO), ch).

> first condition of (7.57) is equivalent with

oYy .. Yo
Y < Bleg - EH =8 ey,

Y < 81/57(8—61) and by (7.51)

v < 81/(:(2)+4\)2 + 0(Yp),




h is satisfied by (7.53). The

7.50) if we can demonstrate th

= Cc. =

= _° o~y
c g 5

— <
3 v+B

the condition (7.50) on 7y imp
(7.12)) implies

8) $

Y

ndeed § is positive. With resp
) < §4(t), so the rather conse

(7.42)) implies (7.18).

At this moment we have specif
meters mentioned in the beginn
rmined by (7.16) and (7.21) re

Next we consider the boundary

we find @(O,t) = max (0,92(0,
(0,t) = 0. Finally we take s(O
atisfied: it amounts to saying
to the right.

After we have completed the c

choose T, so large that u(x,T

0 0

m(x,0) < u(x,Ty) < V(

ecall that @(x,O) =0, x 2 x3(

problem (P"). If we examine th

e enough m = m, and so there e

T ,t) < Ce

9) 1 - gl(c3t+c3 0

eans we have proven (7.2) with

41

tion of (7.57) is implied
< c2, or

e vy < ve,.

Our choice for § = —(Bcz—a)

ondition (7.18) we note that
d p(x,(t),t) <p(>‘<4<t),t) =P,

;r S, qor Y from the set of

Appendix, while R and S were

(0,t) = 0. From our construc-

-ot
‘2(0,t) = VO(-r(t)) - bye <0,
egative that inequality (7.47)

ft the travelling wave U(z)

of the function m(x,t), we

by (7.1)

d @(x,t) is a subsolution
of g(c3t+c3T0,E), then for t
tive constant C such that

0,




cknowledgement

The author would like to thank Prof. L.A. Peletier for suggesting to

im the problem and for giving advice during the work.

REFERENCES

l] D.G. ARONSON & H.F. WEINBERGER, Nonlinear diffusion in population
genetics, combustion, and nerve propagation, in Partial Dif-
ferential Equations and Related Topics, ed. J.A. Goldstein.

Lecture Notes in Mathematics 446, 5-49, Springer, Berlin, 1975.

] D.G. ARONSON & H.F. WEINBERGER, Multidimensional nonlinear diffusion

arising in population genetics, Adv. in Math. 30 (1978) 33-76.

3] PAUL C. FIFE, Mathematical Aspects of Reacting and Diffusion Systems,

Lecture Notes in Biomathematics 28, Springer, Berlin, 1979.

] PAUL C. FIFE & J.B. McLEOD, The approach of solutions of nonlinear
diffusion equations to travelling front solutions, Arch. Rat.

Mech. Anal. 65 (1977) 335-362.

] A. FRIEDMAN, Partial Differential Equations of Parabolic Type, Prentice-
Hall, Englewood Cliffs, N.J., 1964.

] K.P. HADELER & F. ROTHE, Travelling fronts in nonlinear diffusion
equations, J. Math. Biol. 2 (1975) 251-263.

] H.P. McKEAN, Nagumo's equation, Adv. in Math. 14 (1970) 209-223.

] O0.A. OLEINIK & S.N. KRUZHKOV, Quasi-linear second-order parabolic
equations with many independent variables, Russ. Math. Surv.

16 (1961) 105-146.

] E.C. TITCHMARSH, Eigenfunction Expansions, Associated with Second-
order Differential Equations, Part I, Oxford University Press,

Oxford, 1962.

0] KOHEI UCHIYAMA, The behaviour of solutions of some non-linear dif-
fusion equations for large time, J. Math. Kyoto Un. 18 (1978)
453-508.




